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Evaluating real time finite temperature Feynman amplitudes

M. E. Carringtont? Hou Deful?3 A. Hachkowski** D. Pickering® and J. C. Sowiak®
IDepartment of Physics, Brandon University, Brandon, Manitoba, Canada R7A 6A9
2Winnipeg Institute for Theoretical Physics, Winnipeg, Manitoba, Canada R3B 2E9
SInstitute of Particle Physics, Huazhing Normal University, 430070 Wuhan, China

4Faculty of Engineering, University of Manitoba, Winnipeg, Manitoba, Canada R3T 5V6
5Department of Mathematics, Brandon University, Brandon, Manitoba, Canada R7A 6A9
(Received 16 August 1999; published 22 December 1999

We construct a program to calculate Feynman amplitudes at finite temperature in the real time Keldysh
formalism using the symbolic manipulation programTHEMATICA. As an example, the usefulness of this
program is demonstrated by proving the finite temperature Ward identity for QED in a second order effective
theory.

PACS numbs(s): 11.10.Wx, 11.15.Tk, 11.55.Fv

[. INTRODUCTION ber of independent components t&-21. In equilibrium, the
Kubo-Martin-Schwinger (KMS) conditions impose addi-

There are two different methods for calculating Feynmartional constraints, reducing the number of independent com-
amplitudes at finite temperature. Each of these methods prgonents to 21— 1.
sents technical difficultielsl—3]. The imaginary time formal- In summary then, the imaginary time formalism has the
ism involves the calculation of Green functions with imagi- advantage that the initial calculation is easier, but the disad-
nary time arguments. At the end of the calculation, one mustantage that analytic continuations must be done, which
perform an analytic continuation to obtain real time Greenmakes it difficult to extract the physical Green functions. In
functions. For highen-point functions, these analytic con- contrast, in the real time formalism, the initial calculation is
tinuations become increasingly difficult. In spite of this dif- more difficult, but there is a simple and natural procedure for
ficulty, the imaginary time formalism has been traditionally extracting the physical Green functions. In addition, the real
the most popular. time formalism can be generalized to non-equilibrium situa-

The difficulty associated with the real time formalism is tions. In this paper we describevaTHEMATICA calculation
the doubling of degrees of freedom. The real time integrationthat does sums over internal indices, and takes physical com-
contour involves two branches, one running from minus in-binations of external indicd$]. Using this program substan-
finity to positive infinity just above the real axis, and onetially reduces the technical difficulties associated with the
running back from positive infinity to negative infinity just real time formalism, and makes it possible for us to exploit
below the real axi§4,5]. All fields can take values on either its advantages.
branch of the contour and thus there is a doubling of the This paper is organized as follows: In Sec. Il we discuss
number of degrees of freedom. For example, the two pointhe definitions of real time finite temperature Green functions
function becomes a two by two matrix. The four componentswithin the Keldysh formalism, and define our notation. In
of this matrix represent the four possible contractions of twoSec. 1Il, we describe th®ATHEMATICA program that we
field operators each of which can take values on either of theave written to do summations over internal Keldysh indices,
two branches of the real time contour. The physical twoand take physical combinations of external indices. In Sec.
point functions(for example, the retarded and advanced two-j|| e demonstrate the usefulness of this program by using it
point functiong can be extracted by taking apropriate com-, prove the Ward identity for QED in a second order hard

binations of the four components of this matrix. The proce-hermal loop(HTL) effective theory. In the last section, we
dure is similar for higher n-point functions. It is give some conclusions.

straightforward to show that this doubling of degrees of free-
dom is necessary to obtain finite Green functions.

The problem with the real time formalism is that the extra
degrees of freedom become increasingly cumbersome to Il. REAL TIME GREEN FUNCTIONS
handle for highen-point functions. Each line within a given A. The two-point function
Feynman diagram contains a Keldysh index at each end ) . .
which takes value$l,2}, corresponding to the two branches We first consider the propagator. In real time, the propa-
of the closed time path contour. Indices that do not correJator has 2=4 components, since each of the two fields can
spond to external legs are called internal indices, and must J&ke values on either branch of the contour. Thus the propa-
summed over. The indices that correspond to external leggator can be written as ax22 matrix of the form

are called external indices. As a consequence of these indi- D D
ces, ann-point function has 2 - | T2

, point function has 2 components. These compo = , (1)
nents obey one constraint equation, which reduces the num- D21 D2
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whereD 44 is the propagator for fields moving alo@, D4, Equations(3),(4) are inverted by
is the propagator for fields moving fro@, to C,, etc. The

: 1
four components are given by Dyy= E(DF+ Da+Dg),

D1i(x—y)=—(T(¢(x) #(y))), L

) D12:§(DF+DA_DR)1

DiAx—y)=—i{d(y) b(X)), 10
2 1

Dy= E(DF_ Da+Dg),

Doi(x—y)=—i{(X)p(y)),

1
Daax—y)=—i(T(B(x) $(¥))), D22= 5(Dr—Da—Dg).

. . . ~ . These equations can be written in a more convenient notation
where T is the usual time ordering operator, affidis the as[4] 9

anti-chronological time ordering operator. These four com-

ponents satisfy 1\/ 1 1\/1 1\ /1
om0 ol 4 oL
-1 -1/\1 1/\1
D11~ D= D21+ D=0 ©)) (11)
as a consequence of the identétfx) + 6(—x)=1. where the outer product of the column vectors is to be taken.
It is more useful to write the propagator in terms of the Similar relations can be obtained for the 1Pl two-point
three functions function, or the polarization tensor, which is obtained by
amputating the external legs from the propagator. The Dyson
Dr=D,;~ Dy, equation gives
iD(p)=iDo(p)+iDo(p)(—ill(p))iD(p).  (12)
Da=D11— Doy, 4
The analogues of Eq$3) and (4) are
Dr=Dy1+Dys. Hg=111;+1145,
Dy andD, are the usual retarded and advanced propagators, [Ma=1111+115, (13
satisfying
=111+ 15,
Dr(X=Y)~Da(x=y)==i{[600. 6], B 4
andD¢ is the symmetric combination 111+ 11+ 115+ 11,,=0. (149
De(x—y)=—i{{B(x),d(y)}). 6) The analogues of Eqs¢ll) and(7) are
1\/1 1\/ 1
In momentum space these three propagators satisfy the KMS211(p) =IIr(p)| 111 +1IA(P) 1\ 1 +11:(p)
condition
1 1
De(P)=(1+2n(po))(Dr(P) — DA(P)), (7) X\ _q)\ 21 (15
where Ie(p) = (1+2n(po))(I1r(p) — HA(P)). (16)
1
Dra(P)= (Po*ie)2— 52_ m2 ®) B. Three-point function

In the real time formalism, the three-point function has
andn(p,) is the Bose-Einstein distribution function: 23(::8 components. We denote the connected functions by
'z, where{a,b,c=1,2}. In analogy to Eq.2), they are
given by the following expressiorg]:

©)

1
n(po) = Fro_ 1’ I'51%,Y,2) =(T(H(X) p(Y) $(2))), 17

025011-2



EVALUATING REAL TIME FINITE TEMPERATURE . .. PHYSICAL REVIEW D 61 025011

T'5AX,Y,2)=( (D) T(S(X) (¥))), T'E= 023031({[ $2. D3], 1)) + 01303 {[ b1, 3], d2})

S,1%,y.2)=(b(Y) T($(X) $(2))), 013024 [{ b1, b2l 3]),
TE= 013005 {{ b1, b2}, da}) + 021031({{ b2, b3}, 1})
+ 01203{{ b1, b3}, P2}),

where we have used the obvious shorthawgs ¢(x), ¢,
=d(Y), p3=¢(2), andb,=0(Xy—Yo), etc. The first three

T'54(%Y,2) =($()T(S(y) (2))),
I'5A%,Y,2) =(T(p(y) $(2)) (X)),

c -
F2d%y,2)=(T($() ¢(2) (), are the retarded three-point functiol&; is retarded with
~ respect tax,, I'S, is retarded with respect tm,, andT'§ is
I51x,y,2)=(T($() (¥ b(2)), retardod with resect . o andir
c ~ The 1PI vertex functions are obtained from the connected
L24%,Y,2) =(T(¢(X) p(y) $(2))). functions by truncating external legs. We will denote 1PI

o ) . _vertex functions byl'. We can writel” as a tensor of the
It is immediately obvious that one of these components iggrm
dependent on the others because of the identity
2 2 2 I'=
E 2 2 (_1)a+b+cf3l"acbc=0 (18) y/\Vv
a=1b=1c=1
where the outer product of the column vectors is to be taken.

which follows in the same way as Ed3) from 6(x) For the 1PI functions the analogues of Ed<®) and(19) are
+ 6(—x)=1. The seven combinations that we use are de-

w
) (21

z

fined as[4] 22 2

2 2 E I'pe=X+y+u+v+w+z=0, (22

=1 b=1 ¢=1
IR=TT T8, T5,+ 5, : ¢

and
IR=T T Th T,
1

rS,=T$,—T5-T5,+TS,, FR:F111+F112+F211+F212:§(><+Y)(U_V)(W+Z),

TE=T5,T 5+ T5, Ty, (19 1
Fri=T 111+ T1g0t F121+F122=§(x—y)(u+v)(w+ ),

rgi = F$11+F§:22_ rgll_ ngza
C_pC _1C . 1C _1C 1
Peo=T111- Tt Do T, Pro= it I'iort Poant oz =5 (X+y) (u+v)(w=2),

Tg=TTt Tt Dot T, 1
I'e=T111+ T+ Dot DKoo=z (X—y) (Ut Vv)(W—2),
In coordinate space we always label the first leg of the three- P ey
point function byx and call it the “incoming leg i),” the (23
third leg we label byz and call it the “outgoing leg @),” 1

and the secondmiddle) leg we label byy. Inserting the T =T it Taoot Toiat Ton= — (X4 _ _
definitions(17) into (19) one finds fi= Pt Dzt Dot Pazz=3 (xby) (U=v)(w=2),

IS=6,50 3], 0,10 1], 3],
r= 02303([[ D2, P3], d1]) + 02101[[ 2, 1], b3]) F,:0=F111+F112+F221+F222=%(X—y)(u—v)(w+Z),

T'Ri= 012025 [ b1, 2], bal) + 01305 [[ b1, 3], b2]),

1

Fgoz 03205 [[ D3, P2), b1]) + 03101 L[ H3, P11, d2]), Pe=T111+ oot Ij212+F221=§(X_3’)(U_V)(W_ z).
TE=0120,4{[ b1, b2], Ba}) + Os2001({[ b3, b2], ba}) The 1PI vertex functiond’(P,P,,P5) are related to the

+ 0103 [{ b3, 1}, d2]) (20 connected vertex functioris©(P,,P,,P3) as follows:

12V32 32 Y121/
rg=is r

rgi:921913<{[¢2:¢’1]a¢3}>+931912<{[¢31¢1]a¢2}> R~ A1l 2837 R

+021031([{ 2, b3}, #1]), TRi=i’r18a5 g,
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F(R:o: %218, 30 Ro
TE=i%[r 8,30 i+ f18,r 3l Rt 11800 3 k]
TE=i%airofslr+asfarslrot asror sl
TE,=i%r1f a5l it f1rpagl g+ 141850 ko]
LE=i%[frof sl gt rifofslri+ fiforglRo+riforsls
F+rorslg+rorofaleg+rororsl'g]

where we have used the notatidbz(P,)=r,, Dg(P>)
=f,, etc.

For calculational purposes, we want to obtain a decomp
sition of the one particle irreduciblelPl) three-point func-
tion in terms of the seven functiof23), in analogy to Eq.

PHYSICAL REVIEW D 61 025011

Mgrz=Mi111t Mi11ot Magagt Mip11+ Moot Moo

+Moz11tMaogn

=%(x+y)(u+v)(w—z)(s+t)

Mgrs=Mi119F Mo111+ M 1101+ Mp10+Maioit Mooy

+ M1t Mogpg

=;(x+y)(u+v)(w+ Z)(s—t)

owhere we have used the relation

2

(11) for the two-point function. Inverting E¢23) we obtain abSho1 Maped=0- (26)
1\/ 1 1\/1\/1 N . i
_ ) The other combinations we will define as,
i e S
1
r 1\ /1\/ 1 r 1\/1\/ 1 MAzz(x+y)(u+v)(w—z)(s—t)
LAY A Y )
1
1\/ 1 1 1 1\/1
_ Mg= 5 (X=y)(ut+v)(W=2z)(s+t)
el L el S0 z
1 1 1 Mo 1
+Tg 2 ) (249 c= §(x+y)(u—v)(w—z)(s+t)
Mp= ! + +
C. Four-point function D E(X y)(u=v)(w+2z)(s=1)
The connected four point function is given by the contour
ordered expectation value, Mg= E(x—y)(u—v)(w+z)(s+t)
2
M Goed X, Y, Z, W) =(Tea(X) ol Y) be(Z) a(W)).
The 1PI four-point function is obtained by truncating exter- Mg= %(x—y)(UnLv)(WvL z)(s—t) (27)

nal legs and forms a 16 component tensor which we can
write as the outer product of four two component vectors:

w=[CICE

The retarded 1PI four-point functions are given by
Mg1=M1111t M1115+ M 1101+ Myp10+ M 105+ Moo

+ M1+ M1z

=1(x—y)(u+v)(w+ Z)(s+t)

5 (29

Mpo=M1191FM1112F M 1101+ Mog19t Mygoot Mogqo

+Mz101+ M1

=%(x+y)(u—v)(w+ Z)(s+t)
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M,= 5(X+y)(u—V)(w—Z)(s—t)
1

Mp=5(X=y)(u+v)(w=2)(s—1)
1

M,= E(X—y)(U—V)(W'f— Z)(s—t)

1
M 5= E(x—y)(u—V)(w—Z)(sH)

1
Mr=5(x=y)(u=v)(w=2)(s—1).

We use the decomposition of the four point vertex:
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vl 3l
AT (i)(—11>(—11>+MB(—11)(1)(—11)
el 2 G mel 20N
*MV( _11)(_11)(1)(_11%%( —11)(—11)(

D. Rules for calculating Feynman amplitudes

The rules for handling Keldysh indices are as folloifs
details see Ref5)):

PHYSICAL REVIEW D 61 025011

1] 1) 23 3w 3 5 )
+MC(1)(—11)(—11)(1)+MD(1)( —11)(1)( —11)

S S el 2

Sl 2L 28

program performs contractions on Keldysh indices. It works
for diagrams with three or four point interactions, with up to
four external legs. Any number of loops can be considered,

and any number of the vertices can be corrected vertices.
Corrected vertices may be necessary when using an effective
1 ) theory that involves a reorganized perturbation theory which

(1) Bare vertices carry a factor

= _q/ (29 is obtained by a resummation. For example, in the hard ther-

mal loop approximation, it is not sufficient to consider only
(2) Internal indices are to be summed over. In terms of thebare vertices. All fields are treated as scalars and the coeffi-
column vectors ocurring in Eq911), (24) and (28) this  cientis calculated by assuming that a bare three-point vertex

X1
X2

= X1X3 + X2X4 .

X1
X2

X1X3)

means that one adds the product of the upper components tarries a factor-ig, and a bare four-point vertex carries a

of vectors carrying the same internal index gives a scalar: tional factors(such as traces over Dirac matrices for fermi-
line carries a factor of which means that if gauge boson

column vectors carrying the same index is defined to be aNjauge boson propagators. In addition, the sign for the gauge

original vectors: external legs so that the conservation of momentum is satis-

"

X4 X2X4 quested. We describe below the data entry process using the

the product of the lower components of all column vectorsfactor —iA. Sign conventions for the 1Pl functions are as
carrying the same internal index. The product of any numbeshown in Fig. 1. When non-scalar fields are involved, addi-
ons, or contractions of projection operators for photons in a
(XS (30) given gauggmust be calculated by hand. Also note that each
X4
. propagators are present, usual conventions require the inser-
(3) For external indices the product of any number oftjo of an additional minus sign if there is an odd number of
other column vector whose uppelower) component is  ,q0n polarization tensor must be changgee Fig. 1 The
given by the product of uppeffower) components of the ser of the program must assign momenta to propagators and
fied. Keldysh indices must also be assigned. When the pro-
(3D gram is executed, a number of input parameters are re-
example shown in Fig. 2.
Ill. THE PROGRAM (1) The number of external legs is enter]. For each
The program was written entirely iIIATHEMATICA 3.0. c

MATHEMATICA was chosen because of its powerful numeric
algorithms and ability to perform operations on gétk The

My (-RK,~P-K,P+R)

"""" @
b
_______ ‘\\ r T, (R P~-P-R)
B & M a
’ h FIG. 2. Example of a three-point function used to describe input
FIG. 1. Conventions for the definitions of the vertex funtions. parameters.
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external leg, the momentum and index are recorded in the i\P AR
following form: Coefficient:(i) (—ig)‘(—i)\)f<z) (§) oin-1

iP.ap; {K,by; {PK.c}. wherep is the number of propagatornsis the number of bare
Note that the momentum is entered without signs or space%hre?jpom; vertlcebs‘, IS ';he numbr(ejr (;]f bare four-po!n;t\s/_ertl-
The only purpose of these variables is to remind the user o es, 'Sg € nfum ero é:(}rrecte | three-point v_(;gl_c r’]S
the order he has chosen for the external legs. For the examptl e number of corrected four-point vertices, amdis the
used in this section, the program will calculdtéP,K,—P total numb.e_r O.f indices. For .two-pomt functions, an extra
—K) since the order in which the external indices have bee|I|E‘(:t;))rX][c 51'. IS mc![u?ﬁd(see Fig. lk d which binati f
entered corresponds to this ordering of the momentum vari- 9) Nis point, the user Is asked which combination o
ables. extern_al indices he would like evaluated. For example,
(2) The number of internal indiceg) and a set containing \fve PWEI(" cgoolie to evaluate the retarded combination
these indicegd,e,f,g} is entered. R(P.K,—P—K). . . .
(3) A set containing the loop variables is entergRl. (10 At_ the users_d|scret|_on, the result of the calculatu_)n
This set contains the independent momenta, and is used! be displayed W'th or W't.hOUt the terms rem(_)ved which
when the user wishes to have terms removed which are zefJ€ #€° by contour integration. If the program is asked to

by contour integration. This point will be discussed further infemove these terms, it will remove terms in which, for any
Sec. IIIB. loop momentum, all poles of the propagators are on the same

(4) The number of corrected three-point vertices is re_side of the real axis. Since the complex integral can be evalu-

quested(1), and two further input boxes request the dataa;[ed b¥hCh°°f'ng a sem|-|(|:|rcl_e in the Lljpper or lower Ealf
pertaining to each corrected vertex. The first data group cor- aneé, these terms normally give zero. in Some cases now-
sists of a subscript, and the indices for the vertee,a, f}. ever(diagrams with tadpolesthere are terms with all poles

The second group of data to be entered is the momenta co n the same S'd? Of. the real axis Wh'.Ch. do noj[ give zero
responding to the previous indicé®,P,PR}. As before, because of contributions from the semi-circle at infinitp

these momenta are simply used as a record keeping devic%‘.jdition' th_e program does not consid_er poles within the cor-
To avoid clutter, the result is given without displaying ex- rected vertices. When corrected vertices are present, or if

plicitly the momentum dependence of the vertices. To re_there are tadpole pieces to the diagram, the user must tell the

mind the user of the choices he has made, the momentuﬁgr)gram not to remove any of the terms that it thinks will be
dependence for each vertex is printed out. When there are (11) The user can then choose to evaluate any other com-
more than one corrected three-point vertices, the S’Ubscripbsmation of external indices using the initial da'?a For ex
distinguish them. ' )
(5)g¥;1e number of corrected four-point vertic€y and ample, he cou]d qhoose to'calculzﬂei(P,K,— P—K).
their parameters are entered. The format is the same as for The result is displayed in one of two ways. If there are
the corrected three-point  vertices: {1d,b,c,g} Pess than four propagators, the result is simply shown as an
{R.K,PK,PR! sl unfactored polynomial. If there are four or more propagators,
,(6), Thé nurﬁber of indices that haveraassociated with terms involving the first two propagators entered are factored
them is entered0). If this number were non-zero, a further glijr;;;&he e?t:geuzzlé/n:r:ntlﬁg :ehn?zﬁia?r?g?;:ﬁs Olfle;?j?j?tri]on
input box would request a set of these indices. S R : '
(7) All of the data for each propagator is entered: thecertam elements of the initial input are echoed as output to

number of propagator€), and each propagator's momen- help the user detect typlng'mls.takes. .

tum, and initial and final index. In this case, the momenta are For the example shown in Fig. 1 the result is

not merely used for book keeping purposas in the case of 1

the external legs and corrected vertic8he propagator mo- I'gr(P,R,—P—R)=-— Ef dR{Mgg[riap s Igitrfy g
menta are used when eliminating terms that are zero by con-

tour integration, and must be entered in a specific form. Each +f,8p4 Trol + Maaraps Iro
component of a propagator's momentum is entered seper-
ately as a series of variables within a set bracket, and signs + Mgl rpi g}
are included. If there is only one term in the momentum, it
must still be enclosed by set brackets: M:=M(P+R,-P-K,K,=R)
{{R},d,e} I=r(rP,R,—P—-R)
{{P,R},f,g}. where we have used the notaticthR=d*r/(27)% r,

=Dg(R), fy+ =Dg(P+R), etc. This example contains two
(8) The user is now asked if he would like the coefficient propagatorgeach of which contains three termsne cor-
evaluated. To calculate the coefficient, the number of bareected three-point functiofwhich contains seven termsnd
three-point vertice$0) and bare four-point vertice®) must  one corrected four-point functiofwhich contains 15 terms
be entered. For three- and four-point functions, the coeffi-To do the calculation by hand, one would have to evaluate
cient is calculated using the formula 32X 7x15=945 terms. In fact, only five terms are non-zero.

025011-6
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P+K
c m
K R (A) @

a FIG. 4. Two-point function that contributes to the Ward iden-
P tity.

form the summations over Keldysh indices. This calculation
would be prohibitively tedious using standard calculational

P+K techniques.
We use the Coulomb gauge. The gauge boson propagator
¢ is given by
b _ 1
K R (B) Doo= ~ K2— Ty,
Pa 8 — kik; Ik? 1 k3
Dij=— M; H,==1I;— 0

00

KZ_Ht %

where we use the notatidﬁﬂz(ko,IZ), andIly, andIl; are
components of the HTL polarization tensor. For simplicity,

CP+K we will consider only longtitudinal modes. To avoid the in-
troduction of more notation, we will not explicitly distin-
b guish these propagators from the bare propagators in Sec. Il.
K R © For example, we write

P

a (Doo(K))R:—W‘Zrk

FIG. 3. Three-point functions that contribute to the Ward iden- ( 00)R
The program identifies these non-zero terms. The use of a fp:Ng[rp_ap]; NE=1+ 2n(po) (33

program of this type makes real time finite temperature cal-

culations practical, and allows us to exploit the advantages afvhere n(p,) is the Bose-Einstein distribution functiai9).
the real time formalism, one of which is the fact that oneFermion propagators are written with tildes. For example,
obtains physical Green functions directly.
SRM(P)=P—3g(P); T,=Sk(P)
IV. THE WARD IDENTITY FOR QED IN A SECOND . .
ORDER HTL EFFECTIVE THEORY where X (P) is the hard thermal loop fermion self-energy.

The symmetric propagator is defined[d$
In a gauge theory, the Ward identities are a reflection of

the gauge symmetry: if the theory is invariant under gauge Tp:NF(p)P(?p—ap) (34)
transformations, then the Green functions of the theory obey

the Ward identities. It is well known that the QED Ward whereNg(P) is constructed from the Fermi-Dirac distribu-
identities hold in a first order HTL effective theory. This tion function,

result is a consequence of the fact that the HTL theory re-

spects gauge invariance. In this section we will verify that . ; ;

the Ward identity for the three-point function and the elec- Np=1-2n'(po); Nn'(Po)=
tron self-energy is obeyed in a second order HTL effective

theory. We will show that the Ward identify]

G @

To simplify notation, we suppress the Lorentz index 0 on all
] vertices. For example, for the three-point vertex we write
KuI'g=—ie[Xa(P) ~2r(P+K)] (82 ry:=T. For the four-point vertex we writé/ L0=M . In
addition, all Dirac indices are suppressed.
is satisfied by the diagrams shown in Fig. 3 and Fig. 4. In e will need to write four- and three-point functions with

these diagrams the solid dots are corrected vertices, whigfarious momentum dependencies. Suppressing all indices for
are obtained by addlng the HTL vertex to the bare vertexihe moment, we make the f0||owing definitions,

and the dotted lines are HTL propagators. We will work in '
real time and use the program described in Sec. Ill to per- M©O:=M(P+R,-P—-K,K,—R) (36)
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MD:=M(P,—P—K—R,K,R) K-MQ=eT$ ) -T@)
r®:=T(P,R,—P-R) K-MQ=e(T%)-T®)
I®:.=I'(P+K+R,~R,~K—P) K-M§)=er”)

(©) = —P—K-— i

r©:=r(P+RK,-P-K-R). K-MY=eTg-TE)) (38)

We will also need vertices with the signs of the momenta
reversed. We use the following notation:

K-M{V=e(T®-TE7)
if T=I(P1,P2P3) K-Mg)=el'{)
then I'*7)=I(-P1,-P2,-P3). (37) K-MU=—er®),

The four- and three-point HTL corrected vertices are re- Using theMATHEMATICA program described in Sec. lll,
lated through the Ward identities. The identities that we willwe calculate the contribution from the diagrams in Fi@g) 3
need arg9] and Fig. 3b):

1
r£@p K, —P-K)= Ef dRI(M&)A(r . TR+ Tp TR 2y TR
+(ME)#r T TR+ (M) a2, 4 oI Rl (39)
w(b) 1 (ii) ~ B ¥ B ~ B
I‘R (P.K,—P-K)= E dR[(MR3)#(arrp+k+rFFo+arfp+k+rFR+frrp+k+rrRi)
+(MEN#aa s plRH(MED)Ar Y TR (40)
Using the Ward identity(38) we obtain
e
KT 4@ + TAC) = Ef dR(a+B) (42)

where
a=FR, (r ap+,FF,+r fp+,FR+f ap+,FRO)+FF rrrr+pFR+FFO a ar+pl“RO
_[F%Bo_)(ar?mkﬂrgo'*'ar?p+k+rrg+fr?p+k+rrgi)+FFB_ ar5r+p+kFE+FF‘?_ rr’FrerJrkl—‘Ezi] (42)
B= _ng(rrap+rréi+ I'r~fp+r1—‘é+ frapﬂréo)_Fanrap+rFéo+Féo(ar?erkﬂrEo'*'ar?p+k+rrg
+fr?p+k+rrgi)+Féirk?p+k+rrgi' (43

The MATHEMATICA program gives the retarded and advanced self-energies in Fig. 4 as

[
ER(P+K)=§de[F% Y(ar r+p+kFFo+afr+p+kFR+frrr+p+kFR|)+FF| rrrr+p+kFR|+FF aar+p+kFR]

i o - - oy~ oy o~
EA(P)=§J dRITE (riap TR +r T ps TR+ frap TR+ T r T, TR+TEDaja,, TR]. (44)
Comparing Eqgs(42) and(44) we find that the contributions from the term alone give

[KATE®+TEON ], oy=—ie(Sa(P) —Sr(P+K)). (45)

Next we will show that the8 terms(43) cancel with the contributions from the diagram in Figc)3 Using theMATH-
EMATICA program as before, we obtain the contribution from Fig,).3The result is as follows:
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i ~ =~ . o~

Fg(c)(P,K,— P_K): EJ dR[rrap+rrp+k+r(rf?c)),,¢rl(fi\)rg)+rrfp+rrp+k+r(F(RC))MF$?A)FE?Bi))
+arap+r?p+k+r(F$?C))MF(RAgF§=%)+arap+r’fp+k+r(F(RC))ﬂFg_\c2F%B)
@ T (TR L TRITRY 41 o T piear (TR TR

+a8p+aps (D) TRITR]. (46)

Contracting withK# and using the Ward identities for the equilibrium situations. However, because of the extra de-
HTL corrected three point vertices: grees of freedom, calculations in the real time formalism can
be extremely tedious, especially for highepoint functions.
We have written aMmATHEMATICA program that performs
sums over Keldysh indices in the real time formalism. The
program calculates physical Feynman amplitudes for any
diagram with up to four external legs, with an arbitrary num-
ber of loops. Generalization to diagrams with more external
legs is straightforward. This program makes real time finite
temperature calculations feasible for diagrams with compli-
cated structure. In Sec. Il a diagram with 945 terms is cal-
culated as an example. The program performs the summa-
tions over Keldysh indices and produces a result in which
(48 only five terms are non-zero.

. ) _ ) In order to demonstate the usefulness of this program, we
This is the Ward identity with full propagators and correctedpaye ysed it to prove the finite temperature QED Ward iden-
vertices in QED at finite temperature. tity in a second order HTL effective theory. The relevant
diagrams include corrected three- and four-point vertices and
full propagators. To calculate them by hand would be ex-
tremely time consuming. Using the program developed in

We have constructed a program WMRTHEMATICA 10 1this paper, we are able to calculate these diagrams and verify
evaluate Feynman amplitudes in the Keldysh formalism o ' ) . . -
y b y the QED Ward identity with a minimum of effort.

real time finite temperature field theory. This formalism has
recently gained increasing popularity because it avoids the
need for analytical continuations that plagues the imaginary
formalism, and it allows for a generalization to non-

KHIE) = —ie(r e — a7

KATED) o =1eNp (@t o) (47)
C . ~ __ ~ __

KM(F(R )),u: |eN:§+r(rp4}r_apJ}r

we find thatK ,I'4® cancels exactly with Eq(43). As a
result, we obtain from Eq45)

KUT@+TR+TY) = —ieSa(P)—Sr(P+K)).

V. CONCLUSION
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