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Evaluating real time finite temperature Feynman amplitudes
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We construct a program to calculate Feynman amplitudes at finite temperature in the real time Keldysh
formalism using the symbolic manipulation programMATHEMATICA . As an example, the usefulness of this
program is demonstrated by proving the finite temperature Ward identity for QED in a second order effective
theory.

PACS number~s!: 11.10.Wx, 11.15.Tk, 11.55.Fv
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I. INTRODUCTION

There are two different methods for calculating Feynm
amplitudes at finite temperature. Each of these methods
sents technical difficulties@1–3#. The imaginary time formal-
ism involves the calculation of Green functions with imag
nary time arguments. At the end of the calculation, one m
perform an analytic continuation to obtain real time Gre
functions. For highern-point functions, these analytic con
tinuations become increasingly difficult. In spite of this d
ficulty, the imaginary time formalism has been traditiona
the most popular.

The difficulty associated with the real time formalism
the doubling of degrees of freedom. The real time integrat
contour involves two branches, one running from minus
finity to positive infinity just above the real axis, and on
running back from positive infinity to negative infinity jus
below the real axis@4,5#. All fields can take values on eithe
branch of the contour and thus there is a doubling of
number of degrees of freedom. For example, the two p
function becomes a two by two matrix. The four compone
of this matrix represent the four possible contractions of t
field operators each of which can take values on either of
two branches of the real time contour. The physical t
point functions~for example, the retarded and advanced tw
point functions! can be extracted by taking apropriate co
binations of the four components of this matrix. The proc
dure is similar for higher n-point functions. It is
straightforward to show that this doubling of degrees of fr
dom is necessary to obtain finite Green functions.

The problem with the real time formalism is that the ex
degrees of freedom become increasingly cumbersome
handle for highern-point functions. Each line within a given
Feynman diagram contains a Keldysh index at each
which takes values$1,2%, corresponding to the two branche
of the closed time path contour. Indices that do not cor
spond to external legs are called internal indices, and mus
summed over. The indices that correspond to external
are called external indices. As a consequence of these
ces, ann-point function has 2n components. These compo
nents obey one constraint equation, which reduces the n
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ber of independent components to 2n21. In equilibrium, the
Kubo-Martin-Schwinger ~KMS! conditions impose addi-
tional constraints, reducing the number of independent co
ponents to 2n2121.

In summary then, the imaginary time formalism has t
advantage that the initial calculation is easier, but the dis
vantage that analytic continuations must be done, wh
makes it difficult to extract the physical Green functions.
contrast, in the real time formalism, the initial calculation
more difficult, but there is a simple and natural procedure
extracting the physical Green functions. In addition, the r
time formalism can be generalized to non-equilibrium situ
tions. In this paper we describe aMATHEMATICA calculation
that does sums over internal indices, and takes physical c
binations of external indices@6#. Using this program substan
tially reduces the technical difficulties associated with t
real time formalism, and makes it possible for us to expl
its advantages.

This paper is organized as follows: In Sec. II we discu
the definitions of real time finite temperature Green functio
within the Keldysh formalism, and define our notation.
Sec. III, we describe theMATHEMATICA program that we
have written to do summations over internal Keldysh indic
and take physical combinations of external indices. In S
III, we demonstrate the usefulness of this program by usin
to prove the Ward identity for QED in a second order ha
thermal loop~HTL! effective theory. In the last section, w
give some conclusions.

II. REAL TIME GREEN FUNCTIONS

A. The two-point function

We first consider the propagator. In real time, the pro
gator has 2254 components, since each of the two fields c
take values on either branch of the contour. Thus the pro
gator can be written as a 232 matrix of the form

D5S D11 D12

D21 D22
D , ~1!
©1999 The American Physical Society11-1
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whereD11 is the propagator for fields moving alongC1 , D12
is the propagator for fields moving fromC1 to C2, etc. The
four components are given by

D11~x2y!52 i ^T„f~x!f~y!…&,

D12~x2y!52 i ^f~y!f~x!&,

~2!

D21~x2y!52 i ^f~x!f~y!&,

D22~x2y!52 i ^T̃„f~x!f~y!…&,

where T is the usual time ordering operator, andT̃ is the
anti-chronological time ordering operator. These four co
ponents satisfy

D112D122D211D2250 ~3!

as a consequence of the identityu(x)1u(2x)51.
It is more useful to write the propagator in terms of t

three functions

DR5D112D12,

DA5D112D21, ~4!

DF5D111D22.

DR andDA are the usual retarded and advanced propaga
satisfying

DR~x2y!2DA~x2y!52 i ^@f~x!,f~y!#&, ~5!

andDF is the symmetric combination

DF~x2y!52 i ^$f~x!,f~y!%&. ~6!

In momentum space these three propagators satisfy the K
condition

DF~P!5„112n~p0!…„DR~P!2DA~P!…, ~7!

where

DR,A~P!5
1

~p06 i e!22pW 22m2
~8!

andn(p0) is the Bose-Einstein distribution function:

n~p0!5
1

ebp021
. ~9!
02501
-

rs,

S

Equations~3!,~4! are inverted by

D115
1

2
~DF1DA1DR!,

D125
1

2
~DF1DA2DR!,

~10!

D215
1

2
~DF2DA1DR!,

D225
1

2
~DF2DA2DR!.

These equations can be written in a more convenient nota
as @4#

2 D5DRS 1

1D S 1

21D 1DAS 1

21D S 1

1D 1DFS 1

1D S 1

1D
~11!

where the outer product of the column vectors is to be tak
Similar relations can be obtained for the 1PI two-po

function, or the polarization tensor, which is obtained
amputating the external legs from the propagator. The Dy
equation gives

iD ~p!5 iD 0~p!1 iD 0~p!„2 iP~p!…iD ~p!. ~12!

The analogues of Eqs.~3! and ~4! are

PR5P111P12,

PA5P111P21, ~13!

PF5P111P22,

and

P111P121P211P2250. ~14!

The analogues of Eqs.~11! and ~7! are

2 P~p!5PR~p!S 1

21D S 1

1D 1PA~p!S 1

1D S 1

21D 1PF~p!

3S 1

21D S 1

21D , ~15!

PF~p!5„112n~p0!…„PR~p!2PA~p!…. ~16!

B. Three-point function

In the real time formalism, the three-point function h
2358 components. We denote the connected functions
Gabc

C where $a,b,c51,2%. In analogy to Eq.~2!, they are
given by the following expressions@4#:

G111
C ~x,y,z!5^T„f~x!f~y!f~z!…&, ~17!
1-2
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G112
C ~x,y,z!5^f~z!T„f~x!f~y!…&,

G121
C ~x,y,z!5^f~y!T„f~x!f~z!…&,

G211
C ~x,y,z!5^f~x!T„f~y!f~z!…&,

G122
C ~x,y,z!5^T̃„f~y!f~z!…f~x!&,

G212
C ~x,y,z!5^T̃„f~x!f~z!…f~y!&,

G221
C ~x,y,z!5^T̃„f~x!f~y!…f~z!&,

G222
C ~x,y,z!5^T̃„f~x!f~y!f~z!…&.

It is immediately obvious that one of these components
dependent on the others because of the identity

(
a51

2

(
b51

2

(
c51

2

~21!a1b1c23Gabc
C 50 ~18!

which follows in the same way as Eq.~3! from u(x)
1u(2x)51. The seven combinations that we use are
fined as@4#

GR
C5G111

C 2G112
C 2G211

C 1G212
C ,

GRi
C 5G111

C 2G112
C 2G121

C 1G122
C ,

GRo
C 5G111

C 2G121
C 2G211

C 1G221
C ,

GF
C5G111

C 2G121
C 1G212

C 2G222
C , ~19!

GFi
C 5G111

C 1G122
C 2G211

C 2G222
C ,

GFo
C 5G111

C 2G112
C 1G221

C 2G222
C ,

GE
C5G111

C 1G122
C 1G212

C 1G221
C .

In coordinate space we always label the first leg of the thr
point function byx and call it the ‘‘incoming leg (i ), ’’ the
third leg we label byz and call it the ‘‘outgoing leg (o), ’’
and the second~middle! leg we label byy. Inserting the
definitions~17! into ~19! one finds

GR
C5u23u31̂ †@f2 ,f3#,f1‡&1u21u13̂ †@f2 ,f1#,f3‡&,

GRi
C 5u12u23̂ †@f1 ,f2#,f3‡&1u13u32̂ †@f1 ,f3#,f2‡&,

GRo
C 5u32u21̂ †@f3 ,f2#,f1‡&1u31u12̂ †@f3 ,f1#,f2‡&,

GF
C5u12u23̂ $@f1 ,f2#,f3%&1u32u21̂ $@f3 ,f2#,f1%&

1u12u32̂ @$f3 ,f1%,f2#&, ~20!

GFi
C 5u21u13̂ $@f2 ,f1#,f3%&1u31u12̂ $@f3 ,f1#,f2%&

1u21u31̂ @$f2 ,f3%,f1#&,
02501
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GFo
C 5u23u31̂ $@f2 ,f3#,f1%&1u13u32̂ $@f1 ,f3#,f2%&

1u13u23̂ @$f1 ,f2%,f3#&,

GE
C5u13u23̂ ˆ$f1 ,f2%,f3‰&1u21u31̂ ˆ$f2 ,f3%,f1‰&

1u12u32̂ ˆ$f1 ,f3%,f2‰&,

where we have used the obvious shorthandsf1[f(x), f2
[f(y), f3[f(z), andu12[u(x02y0), etc. The first three
are the retarded three-point functions;GRi

C is retarded with
respect tox0 , GRo

C is retarded with respect toz0, andGR
C is

retarded with respect toy0.
The 1PI vertex functions are obtained from the connec

functions by truncating external legs. We will denote 1
vertex functions byG. We can writeG as a tensor of the
form

G5S x

yD S u

v D S w

z D ~21!

where the outer product of the column vectors is to be tak
For the 1PI functions the analogues of Eqs.~18! and~19! are

(
a51

2

(
b51

2

(
c51

2

Gabc5x1y1u1v1w1z50, ~22!

and

GR5G1111G1121G2111G2125
1

2
~x1y!~u2v !~w1z!,

GRi5G1111G1121G1211G1225
1

2
~x2y!~u1v !~w1z!,

GRo5G1111G1211G2111G2215
1

2
~x1y!~u1v !~w2z!,

GF5G1111G1211G2121G2225
1

2
~x2y!~u1v !~w2z!,

~23!

GFi5G1111G1221G2111G2225
1

2
~x1y!~u2v !~w2z!,

GFo5G1111G1121G2211G2225
1

2
~x2y!~u2v !~w1z!,

GE5G1111G1221G2121G2215
1

2
~x2y!~u2v !~w2z!.

The 1PI vertex functionsG(P1 ,P2 ,P3) are related to the
connected vertex functionsGC(P1 ,P2 ,P3) as follows:

GR
C5 i 3a1r 2a3GR

GRi
C 5 i 3r 1a2a3GRi
1-3
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GRo
C 5 i 3a1a2r 3GRo

GF
C5 i 3@r 1a2f 3GRi1 f 1a2r 3GRo1r 1a2r 3GF#

GFi
C 5 i 3@a1r 2f 3GR1a1f 2r 3GRo1a1r 2r 3GFi #

GFo
C 5 i 3@r 1f 2a3GRi1 f 1r 2a3GR1r 1r 2a3GFo#

GE
C5 i 3@ f 1r 2f 3GR1r 1f 2f 3GRi1 f 1f 2r 3GRo1r 1f 2r 3GF

1 f 1r 2r 3GFi1r 1r 2f 3GFo1r 1r 2r 3GE#

where we have used the notationDR(P1)5r 1 , DF(P2)
5 f 2, etc.

For calculational purposes, we want to obtain a decom
sition of the one particle irreducible~1PI! three-point func-
tion in terms of the seven functions~23!, in analogy to Eq.
~11! for the two-point function. Inverting Eq.~23! we obtain

4G5GRS 1

1D S 1

21D 1GRiS 1

21D S 1

1D S 1

1D
1GRoS 1

1D S 1

1D S 1

21D 1GFS 1

21D S 1

1D S 1

21D
1GFi S 1

1D S 1

21D S 1

21D 1GFoS 1

21D S 1

21D S 1

1D
1GES 1

21D S 1

21D S 1

21D . ~24!

C. Four-point function

The connected four point function is given by the conto
ordered expectation value,

Mabcd
C ~X,Y,Z,W!5^Tcfa~X!fb~Y!fc~Z!fd~W!&.

The 1PI four-point function is obtained by truncating exte
nal legs and forms a 16 component tensor which we
write as the outer product of four two component vectors

M5S x

yD S u

v D S w

z D S s

t D .

The retarded 1PI four-point functions are given by

MR15M11111M11121M11211M12111M11221M1212

1M12211M1222

5
1

2
~x2y!~u1v !~w1z!~s1t ! ~25!

MR25M11111M11121M11211M21111M11221M2112

1M21211M2122

5
1

2
~x1y!~u2v !~w1z!~s1t !
02501
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MR35M11111M11121M21111M12111M21121M1212

1M22111M2212

5
1

2
~x1y!~u1v !~w2z!~s1t !

MR45M11111M21111M11211M12111M21211M2211

1M12211M2221

5
1

2
~x1y!~u1v !~w1z!~s2t !

where we have used the relation

(
a,b,c,d51

2

Mabcd50. ~26!

The other combinations we will define as,

MA5
1

2
~x1y!~u1v !~w2z!~s2t !

MB5
1

2
~x2y!~u1v !~w2z!~s1t !

MC5
1

2
~x1y!~u2v !~w2z!~s1t !

MD5
1

2
~x1y!~u2v !~w1z!~s2t !

ME5
1

2
~x2y!~u2v !~w1z!~s1t !

MF5
1

2
~x2y!~u1v !~w1z!~s2t ! ~27!

Ma5
1

2
~x1y!~u2v !~w2z!~s2t !

Mb5
1

2
~x2y!~u1v !~w2z!~s2t !

Mg5
1

2
~x2y!~u2v !~w1z!~s2t !

M d5
1

2
~x2y!~u2v !~w2z!~s1t !

MT5
1

2
~x2y!~u2v !~w2z!~s2t !.

We use the decomposition of the four point vertex:
1-4
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8M5MR1S 1
21D S 1

1D S 1
1D S 1

1D1MR2S 1
1D S 1

21D S 1
1D S 1

1D1MR3S 1
1D S 1

1D S 1
21D S 1

1D1MR4S 1
1D S 1

1D S 1
1D S 1

21D
1MAS 1

1D S 1
1D S 1

21D S 1
21D1MBS 1

21D S 1
1D S 1

21D S 1
1D1MCS 1

1D S 1
21D S 1

21D S 1
1D1MDS 1

1D S 1
21D S 1

1D S 1
21D

1MES 1
21D S 1

21D S 1
1D S 1

1D1MFS 1
21D S 1

1D S 1
1D S 1

21D1MaS 1
1D S 1

21D S 1
21D S 1

21D1MbS 1
21D S 1

1D S 1
21D S 1

21D
1MgS 1

21D S 1
21D S 1

1D S 1
21D1M dS 1

21D S 1
21D S 1

21D S 1
1D1MTS 1

21D S 1
21D S 1

21D S 1
21D . ~28!
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D. Rules for calculating Feynman amplitudes

The rules for handling Keldysh indices are as follows~for
details see Ref.@5#!:

~1! Bare vertices carry a factor

t5S 1
21D . ~29!

~2! Internal indices are to be summed over. In terms of
column vectors ocurring in Eqs.~11!, ~24! and ~28! this
means that one adds the product of the upper componen
the product of the lower components of all column vect
carrying the same internal index. The product of any num
of vectors carrying the same internal index gives a scala

S x1

x2
D S x3

x4
D5x1x31x2x4 . ~30!

~3! For external indices the product of any number
column vectors carrying the same index is defined to be
other column vector whose upper~lower! component is
given by the product of upper~lower! components of the
original vectors:

S x1

x2
D S x3

x4
D5S x1x3

x2x4
D . ~31!

III. THE PROGRAM

The program was written entirely inMATHEMATICA 3.0.
MATHEMATICA was chosen because of its powerful nume
algorithms and ability to perform operations on sets@7#. The

FIG. 1. Conventions for the definitions of the vertex funtions.
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program performs contractions on Keldysh indices. It wo
for diagrams with three or four point interactions, with up
four external legs. Any number of loops can be consider
and any number of the vertices can be corrected verti
Corrected vertices may be necessary when using an effe
theory that involves a reorganized perturbation theory wh
is obtained by a resummation. For example, in the hard th
mal loop approximation, it is not sufficient to consider on
bare vertices. All fields are treated as scalars and the co
cient is calculated by assuming that a bare three-point ve
carries a factor2 ig, and a bare four-point vertex carries
factor 2 il. Sign conventions for the 1PI functions are
shown in Fig. 1. When non-scalar fields are involved, ad
tional factors~such as traces over Dirac matrices for ferm
ons, or contractions of projection operators for photons i
given gauge! must be calculated by hand. Also note that ea
line carries a factor ofi which means that if gauge boso
propagators are present, usual conventions require the in
tion of an additional minus sign if there is an odd number
gauge boson propagators. In addition, the sign for the ga
boson polarization tensor must be changed~see Fig. 1!. The
user of the program must assign momenta to propagators
external legs so that the conservation of momentum is sa
fied. Keldysh indices must also be assigned. When the
gram is executed, a number of input parameters are
quested. We describe below the data entry process using
example shown in Fig. 2.

~1! The number of external legs is entered~3!. For each

FIG. 2. Example of a three-point function used to describe in
parameters.
1-5
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external leg, the momentum and index are recorded in
following form:

$P,a%; $K,b%; $PK,c%.

Note that the momentum is entered without signs or spa
The only purpose of these variables is to remind the use
the order he has chosen for the external legs. For the exa
used in this section, the program will calculateG(P,K,2P
2K) since the order in which the external indices have b
entered corresponds to this ordering of the momentum v
ables.

~2! The number of internal indices~4! and a set containing
these indices$d,e, f ,g% is entered.

~3! A set containing the loop variables is entered$R%.
This set contains the independent momenta, and is u
when the user wishes to have terms removed which are
by contour integration. This point will be discussed further
Sec. III B.

~4! The number of corrected three-point vertices is
quested~1!, and two further input boxes request the da
pertaining to each corrected vertex. The first data group c
sists of a subscript, and the indices for the vertex$1,e,a, f %.
The second group of data to be entered is the momenta
responding to the previous indices$R,P,PR%. As before,
these momenta are simply used as a record keeping de
To avoid clutter, the result is given without displaying e
plicitly the momentum dependence of the vertices. To
mind the user of the choices he has made, the momen
dependence for each vertex is printed out. When there
more than one corrected three-point vertices, the subsc
distinguish them.

~5! The number of corrected four-point vertices~1! and
their parameters are entered. The format is the same a
the corrected three-point vertices: $1,d,b,c,g%,
$R,K,PK,PR%.

~6! The number of indices that have at associated with
them is entered~0!. If this number were non-zero, a furthe
input box would request a set of these indices.

~7! All of the data for each propagator is entered: t
number of propagators~2!, and each propagator’s mome
tum, and initial and final index. In this case, the momenta
not merely used for book keeping purposes~as in the case o
the external legs and corrected vertices!. The propagator mo-
menta are used when eliminating terms that are zero by
tour integration, and must be entered in a specific form. E
component of a propagator’s momentum is entered se
ately as a series of variables within a set bracket, and s
are included. If there is only one term in the momentum
must still be enclosed by set brackets:

ˆ$R%,d,e‰

ˆ$P,R%, f ,g‰.

~8! The user is now asked if he would like the coefficie
evaluated. To calculate the coefficient, the number of b
three-point vertices~0! and bare four-point vertices~0! must
be entered. For three- and four-point functions, the coe
cient is calculated using the formula
02501
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coefficient5S i

2D p

~2 ig ! t~2 il! f S 1

4D GS 1

8D M

2in21

wherep is the number of propagators,t is the number of bare
three-point vertices,f is the number of bare four-point verti
ces,G is the number of corrected three-point vertices,M is
the number of corrected four-point vertices, andin is the
total number of indices. For two-point functions, an ex
factor of 2 i is included~see Fig. 1!.

~9! At this point, the user is asked which combination
external indices he would like evaluated. For examp
we will choose to evaluate the retarded combinat
GR(P,K,2P2K).

~10! At the user’s discretion, the result of the calculatio
can be displayed with or without the terms removed wh
are zero by contour integration. If the program is asked
remove these terms, it will remove terms in which, for a
loop momentum, all poles of the propagators are on the s
side of the real axis. Since the complex integral can be ev
ated by choosing a semi-circle in the upper or lower h
plane, these terms normally give zero. In some cases h
ever~diagrams with tadpoles!, there are terms with all pole
on the same side of the real axis which do not give z
~because of contributions from the semi-circle at infinity!. In
addition, the program does not consider poles within the c
rected vertices. When corrected vertices are present, o
there are tadpole pieces to the diagram, the user must tel
program not to remove any of the terms that it thinks will
zero.

~11! The user can then choose to evaluate any other c
bination of external indices using the initial data. For e
ample, he could choose to calculateGFi(P,K,2P2K).

The result is displayed in one of two ways. If there a
less than four propagators, the result is simply shown as
unfactored polynomial. If there are four or more propagato
terms involving the first two propagators entered are facto
out of the entire polynomial. TheMATHEMATICA operation
Simplify@ . . . # is used on the remaining terms. In additio
certain elements of the initial input are echoed as outpu
help the user detect typing mistakes.

For the example shown in Fig. 1 the result is

GR~P,R,2P2R!52
1

2E dR$MR3@r rap1rGFi1r r f p1rGR

1 f rap1rGRo#1MAarap1rGRo

1MBr rr p1rGR%

MªM ~P1R,2P2K,K,2R!

GªG~P,R,2P2R!

where we have used the notationdR5d4r /(2p)4, r r
5DR(R), f p1r5DF(P1R), etc. This example contains tw
propagators~each of which contains three terms!, one cor-
rected three-point function~which contains seven terms!, and
one corrected four-point function~which contains 15 terms!.
To do the calculation by hand, one would have to evalu
32373155945 terms. In fact, only five terms are non-zer
1-6
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The program identifies these non-zero terms. The use
program of this type makes real time finite temperature c
culations practical, and allows us to exploit the advantage
the real time formalism, one of which is the fact that o
obtains physical Green functions directly.

IV. THE WARD IDENTITY FOR QED IN A SECOND
ORDER HTL EFFECTIVE THEORY

In a gauge theory, the Ward identities are a reflection
the gauge symmetry: if the theory is invariant under gau
transformations, then the Green functions of the theory o
the Ward identities. It is well known that the QED Wa
identities hold in a first order HTL effective theory. Th
result is a consequence of the fact that the HTL theory
spects gauge invariance. In this section we will verify th
the Ward identity for the three-point function and the ele
tron self-energy is obeyed in a second order HTL effect
theory. We will show that the Ward identity@8#

KmGR
m52 ie@SA~P!2SR~P1K !# ~32!

is satisfied by the diagrams shown in Fig. 3 and Fig. 4.
these diagrams the solid dots are corrected vertices, w
are obtained by adding the HTL vertex to the bare vert
and the dotted lines are HTL propagators. We will work
real time and use the program described in Sec. III to p

FIG. 3. Three-point functions that contribute to the Ward ide
tity.
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form the summations over Keldysh indices. This calculat
would be prohibitively tedious using standard calculation
techniques.

We use the Coulomb gauge. The gauge boson propag
is given by

D0052
1

k22P00

Di j 52
~d i j 2kikj /k2!

K22P t

; P t5
1

2
P i i 2

k0
2

2k2
P00

where we use the notationKm5(k0 ,kW ), andP00 andP i i are
components of the HTL polarization tensor. For simplici
we will consider only longtitudinal modes. To avoid the in
troduction of more notation, we will not explicitly distin
guish these propagators from the bare propagators in Se
For example, we write

„D00~K !…R52
1

~k22P00!R

ªr k

and

f p5Np
B@r p2ap#; Np

B5112n~p0! ~33!

wheren(p0) is the Bose-Einstein distribution function~9!.
Fermion propagators are written with tildes. For example

SR
21~P!5P” 2SR~P!; r̃ p5SR~P!

where S(P) is the hard thermal loop fermion self-energ
The symmetric propagator is defined as@7#

f̃ p5NF~P!P~ r̃ p2ãp! ~34!

whereNF(P) is constructed from the Fermi-Dirac distribu
tion function,

Np
F5122nf~p0!; nf~p0!5

1

ebp011
. ~35!

To simplify notation, we suppress the Lorentz index 0 on
vertices. For example, for the three-point vertex we wr
G0ªG. For the four-point vertex we writeMm0ªMm . In
addition, all Dirac indices are suppressed.

We will need to write four- and three-point functions wit
various momentum dependencies. Suppressing all indice
the moment, we make the following definitions,

M ( i )
ªM ~P1R,2P2K,K,2R! ~36!

-

FIG. 4. Two-point function that contributes to the Ward ide
tity.
1-7



nt

re
il

,

M. E. CARRINGTONet al. PHYSICAL REVIEW D 61 025011
M ( i i )
ªM ~P,2P2K2R,K,R!

G (A)
ªG~P,R,2P2R!

G (B)
ªG~P1K1R,2R,2K2P!

G (C)
ªG~P1R,K,2P2K2R!.

We will also need vertices with the signs of the mome
reversed. We use the following notation:

if G (X)5G~P1,P2,P3!

then G (X2)5G~2P1,2P2,2P3!. ~37!

The four- and three-point HTL corrected vertices are
lated through the Ward identities. The identities that we w
need are@9#
02501
a

-
l

K•MR3
( i ) 5e~GRi

(A2)2GRi
(B)!

K•MA
( i )5e~GFo

(A2)2GFo
(B)!

K•MB
( i )5eGF

(A2)

K•MR3
( i i )5e~GRo

(A)2GRo
(B2)! ~38!

K•MA
( i i )5e~GFi

(A)2GFi
(B2)!

K•MB
( i i )5eGF

(A)

K•MC
~ i i !52eGF

(B2) .

Using theMATHEMATICA program described in Sec. III
we calculate the contribution from the diagrams in Fig. 3~a!
and Fig. 3~b!:
GR
m(a)~P,K,2P2K !5

1

2E dR@~MR3
( i ) !m~r r ãp1rGFi

A 1r r f̃ p1rGR
A1 f r ãp1rGRo

A !

1~MB
( i )!mr r r̃ r 1pGR

A1~MA
( i )!marãr 1pGRo

A #. ~39!

GR
m(b)~P,K,2P2K !5

1

2E dR@~MR3
( i i )!m~ar r̃ p1k1rGFo

B 1ar f̃ p1k1rGR
B1 f r r̃ p1k1rGRi

B !

1~MC
( i i )!marãr 1k1pGR

B1~MA
( i i )!mr r r̃ r 1k1pGRi

B #. ~40!

Using the Ward identity~38! we obtain

Km~GR
m(a)1GR

m(b)!5
e

2E dR~a1b! ~41!

where

a5GRi
(A2)~r r ãp1rGFi

A 1r r f̃ p1rGR
A1 f r ãp1rGRo

A !1GF
(A2)r r r̃ r 1pGR

A1GFo
(A2)arãr 1pGRo

A

2@GRo
~B2 !~ar r̃ p1k1rGFo

B 1ar f̃ p1k1rGR
B1 f r r̃ p1k1rGRi

B !1GF
(B2)arãr 1p1kGR

B1GFi
(B2)r r r̃ r 1p1kGRi

B # ~42!

b52GRi
B ~r r ãp1rGFi

A 1r r f̃ p1rGR
A1 f r ãp1rGRo

A !2GFo
B arãp1rGRo

A 1GRo
A ~ar r̃ p1k1rGFo

B 1ar f̃ p1k1rGR
B

1 f r r̃ p1k1rGRi
B !1GFi

A r kr̃ p1k1rGRi
B . ~43!

The MATHEMATICA program gives the retarded and advanced self-energies in Fig. 4 as

SR~P1K !5
i

2E dR@GRo
(B2)~ar r̃ r 1p1kGFo

B 1ar f̃ r 1p1kGR
B1 f r r̃ r 1p1kGRi

B !1GFi
(B2)r r r̃ r 1p1kGRi

B 1GF
(B2)arãr 1p1kGR

B#

SA~P!5
i

2E dR@GRi
(A2)~r r ãp1rGFi

A 1r r f̃ p1rGR
A1 f r ãp1rGRo

A !1GF
(A2)r r r̃ p1rGR

A1GF
(B2)arãp1rGR

B#. ~44!

Comparing Eqs.~42! and ~44! we find that the contributions from thea term alone give

@Km~GR
m(a)1GR

m(b)!#a only52 ie„SA~P!2SR~P1K !…. ~45!

Next we will show that theb terms ~43! cancel with the contributions from the diagram in Fig. 3~c!. Using theMATH-

EMATICA program as before, we obtain the contribution from Fig. 3~c!. The result is as follows:
1-8
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GR
m(c)~P,K,2P2K !5

i

2E dR@r r ãp1r r̃ p1k1r~GR
(C)!mGFi

(A)GRi
(B)1r r f̃ p1r r̃ p1k1r~GR

(C)!mGR
(A)GRi

(B)

1arãp1r r̃ p1k1r~GR
(C)!mGRo

(A)GFo
(B)1arãp1r f̃ p1k1r~GR

(C)!mGRo
(A)GR

(B)

1 f r ãp1r r̃ p1k1r~GR
(C)!mGRo

(A)GRi
(B)1r r r̃ p1r r̃ p1k1r~GFo

(C)!mGR
(A)GRi

(B)

1arãp1r ãp1k1r~GFi
(C)!mGRo

(A)GR
(B)#. ~46!
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Contracting withKm and using the Ward identities for th
HTL corrected three point vertices:

Km~GR
(C)!m52 ie~ r̃ p1k1r

21 2ãp1r
21 !

Km~GFi
(C)!m5 ieNp1k1r

F ~ ãp1k1r
21 2 r̃ p1k1r

21 ! ~47!

Km~GR
(C)!m5 ieNp1r

F ~ r̃ p1r
21 2ãp1r

21 !

we find thatKmGR
m(c) cancels exactly with Eq.~43!. As a

result, we obtain from Eq.~45!

Km~GR
(a)1GR

(b)1GR
(c)!m52 ie„SA~P!2SR~P1K !….

~48!

This is the Ward identity with full propagators and correct
vertices in QED at finite temperature.

V. CONCLUSION

We have constructed a program withMATHEMATICA to
evaluate Feynman amplitudes in the Keldysh formalism
real time finite temperature field theory. This formalism h
recently gained increasing popularity because it avoids
need for analytical continuations that plagues the imagin
formalism, and it allows for a generalization to no
02501
f
s
e

ry

equilibrium situations. However, because of the extra
grees of freedom, calculations in the real time formalism c
be extremely tedious, especially for highern-point functions.
We have written aMATHEMATICA program that performs
sums over Keldysh indices in the real time formalism. T
program calculates physical Feynman amplitudes for
diagram with up to four external legs, with an arbitrary num
ber of loops. Generalization to diagrams with more exter
legs is straightforward. This program makes real time fin
temperature calculations feasible for diagrams with com
cated structure. In Sec. III a diagram with 945 terms is c
culated as an example. The program performs the sum
tions over Keldysh indices and produces a result in wh
only five terms are non-zero.

In order to demonstate the usefulness of this program,
have used it to prove the finite temperature QED Ward id
tity in a second order HTL effective theory. The releva
diagrams include corrected three- and four-point vertices
full propagators. To calculate them by hand would be e
tremely time consuming. Using the program developed
this paper, we are able to calculate these diagrams and v
the QED Ward identity with a minimum of effort.
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